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VOLUME, FACETS AND DUAL POLYTOPES OF TWINNED
CHAIN POLYTOPES
AKIYOSHI TSUCHIYA
Abstract. Let (P,≤P ) and (Q,≤Q) be finite partially ordered sets with |P | =
|Q| = d, and C(P ) ⊂ Rd and C(Q) ⊂ Rd their chain polytopes. The twinned chain
polytope of P andQ is the lattice polytope Γ(C(P ), C(Q)) ⊂ Rd which is the convex
hull of C(P ) ∪ (−C(Q)). It is known that twinned chain polytopes are Gorenstein
Fano polytopes with the integer decomposition property. In the present paper,
we study combinatorial properties of twinned chain polytopes. First, we will give
the formula of the volume of twinned chain polytopes in terms of the underlying
partially ordered sets. Second, we will identify the facet-supporting hyperplanes of
twinned chain polytopes in terms of the underlying partially ordered sets. Finally,
we will provide the vertex representations of the dual polytopes of twinned chain
polytopes.
introduction
A convex polytope P ⊂ Rd is integral if all vertices belong to Zd. We say that an
integral convex polytope P ⊂ Rd possesses the integer decomposition property if, for
each integer N > 0 and for each a ∈ NP ∩Zd, there exist a1, . . . , aN ∈ P ∩Z
d such
that a = a1+· · ·+aN , where NP = {Nα | α ∈ P}. Furthermore, an integral convex
polytope P ⊂ Rd is Fano if the origin of Rd is a unique integer point belonging to
the interior of P. A Fano polytope P ⊂ Rd is Gorenstein if its dual polytope
P∨ := {x ∈ Rd | 〈x,y〉 ≤ 1 for all y ∈ P}
is integral as well. A Gorenstein Fano polytope is also known as a reflexive polytope.
In recent years, the study of Gorenstein Fano polytopes with the integer decompo-
sition property has become increasingly popular. It is known that Gorenstein Fano
polytopes correspond to Gorenstein toric Fano varieties, and they are related to
mirror symmetry (see, e.g., [1, 3]). Moreover, the integer decomposition property
is particularly important in the theory and application of integer programing [10,
§22.10].
A finite partially ordered set is a finite set P with a reflexive, transitive, and
anti-symmetric relation ≤P . Let P = {p1, . . . , pd}. A linear extension of P is a
permutation σ = i1i2 · · · id of [d] = {1, 2, . . . , d} which satisfies a < b if pia <P pib. A
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subset I of P is called a poset ideal of P if pi ∈ I and pj ∈ P together with pj ≤P pi
guarantee pj ∈ I. Note that the empty set ∅ and P itself are poset ideals of P . Let
J (P ) denote the set of poset ideals of P . A subset A of P is called an antichain of P
if all pi and pj belonging to A with i 6= j are incomparable. In particular, the empty
set ∅ and each 1-element subset {pj} are antichains of P . Let A(P ) denote the set of
antichains of P . For each subset I ⊂ P , we define the (0, 1)-vectors ρ(I) =
∑
pi∈I
ei,
where e1, . . . , ed are the canonical unit coordinate vectors of R
d. In particular ρ(∅)
is the origin 0 of Rd. In [11], Stanley introduced the order polytope O(P ) and the
chain polytope C(P ). It is known that O(P ) and C(P ) are the d-dimensional convex
polytopes defined by
O(P ) = conv({ρ(I) | I ∈ J (P )}),
C(P ) = conv({ρ(A) | A ∈ A(P )}).
Moreover, O(P ) and C(P ) have the same volume ([11, Theorem 4.1]). In particular,
the volume of O(P ) and C(P ) are equal to e(P )/d!, where e(P ) is the number of
linear extensions of P ([11, Corollary 4.2]).
For two integral convex polytopes P,Q ⊂ Rd, we set
Γ(P,Q) = conv(P ∪ (−Q)) ⊂ Rd.
Let (P,≤P ) and (Q,≤Q) be finite partially ordered sets with |P | = |Q| = d. Then
we can construct three integral convex polytopes Γ(O(P ),O(Q)),Γ(O(P ), C(Q))
and Γ(C(P ), C(Q)). In particular, we call Γ(C(P ), C(Q)) the twinned chain polytope
of P and Q. It is known Γ(C(P ), C(Q)) and Γ(O(P ), C(Q)) are Gorenstein Fano
polytopes with the integer decomposition property ([6, 9]). Furthermore if P and Q
have a common linear extension, Γ(O(P ),O(Q)) is a Gorenstein Fano polytope with
the integer decomposition property ([5]). In addition, if P and Q have a common
linear extension, these three polytopes have the same volume ([7]).
For two integral convex polytopes P,Q ⊂ Rd, we set
Ω(P,Q) = conv(P × {1} ∪ ((−Q)× {−1})) ⊂ Rd+1.
In [8], Hibi and Tsuchiya study the combinatorial properties of the three integral
convex polytopes Ω(O(P ),O(Q)), Ω(O(P ), C(Q)) and Ω(C(P ), C(Q)). Moreover, in
[2], Chappell, Friedl and Sanyal study the combinatorial properties of the three in-
tegral convex polytopes Ω(2O(P ), 2O(Q)), Ω(2O(P ), 2C(Q)) and Ω(2C(P ), 2C(Q)).
These polytopes have strong connections with Γ(O(P ),O(Q)),Γ(O(P ), C(Q)) and
Γ(C(P ), C(Q)). For example, we can compute the volume of Ω(C(P ), C(Q)) by
computing that of Γ(C(P ), C(Q)). In addition, we note that Γ(C(P ), C(Q)) arises
as projection of Ω(2C(P ), 2C(Q)). Hence, it is important to study properties of
Γ(O(P ),O(Q)),Γ(O(P ), C(Q)) and Γ(C(P ), C(Q)).
In the present paper, we study combinatorial properties of twinned chain poly-
topes. One of the reasons why we study twinned chain polytopes is that twinned
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chain polytopes have a nice structure. In fact, we will show each twinned chain
polytope of dimension d is the union of d chain polytopes (Lemma 1.1 and Proposi-
tion 1.2). In section 1, we will use this proposition to give the formula of the volume
of a twinned chain polytope Γ(C(P ), C(Q)) in terms of underlying partially ordered
sets (Theorem 1.3). Similarly, we can compute the volume of Γ(O(P ),O(Q)) and
Γ(O(P ), C(Q)) (Corollary 1.5). By using Proposition 1.2 again, in Section 2, we will
identify the facet-supporting hyperplanes of twinned chain polytopes in terms of the
underlying partially ordered sets (Theorem 2.2). Finally, we will provide the vertex
representations of the dual polytopes of twinned chain polytopes (Corollary 2.4).
1. the formula of the volume of twinned chain polytopes
For partially ordered sets (P,≤P ) and (Q,≤Q) with P ∩ Q = ∅, the ordinal sum
of P and Q is the partially ordered set (P ⊕Q,≤P⊕Q) on P ⊕Q = P ∪Q such that
s ≤P⊕Q t if (a) s, t ∈ P and s ≤P t, or (b) s, t ∈ Q and s ≤Q t, or (c) s ∈ P and t ∈ Q.
Then we have A(P⊕Q) = A(P )∪A(Q). Let P = {p1, . . . , pd} and Q = {q1, . . . , qd}.
Given a subsetW of [d], we define the induced subposet of P onW to be the partially
ordered set (PW ,≤PW ) on PW = {pi | i ∈ W} such that pi ≤PW pj if and only if
pi ≤P pj. For W ⊂ [d], we let (∆W (P,Q),≤W ) be the ordinal sum of PW and
QW , where W = [d] \W . Note that |∆W (P,Q)| = d and we have A(∆W (P,Q)) =
A(PW ) ∪ A(QW ). Let W = {i1, . . . , ik} ⊂ [d] and W = {ik+1, . . . , id} ⊂ [d] with
W ∪W = [d]. Then we have ∆W (P,Q) = {pi1, . . . , pik , qik+1, . . . , qid}. Also, we let
(R,≤R) be the partially ordered set on R = {r1, . . . , rd} such that ri ≤R rj if (a)
i, j ∈ W and pi ≤W pj, or (b) i, j ∈ W and qi ≤W qj, or (c) i ∈ W, j ∈ W and
pi ≤W qj. We call a permutation σ = i1i2 · · · id of [d] a linear extension of ∆W (P,Q),
if σ is a linear extension of R, and we write e(∆W (P,Q)) for the number of linear
extensions of ∆W (P,Q), i.e., e(∆W (P,Q)) = e(R). For A ⊂ ∆W (P,Q), we define
the (−1, 0, 1)-vectors ρ′(A) =
∑
pi∈A
ei −
∑
qj∈A
ej and we set
C′(∆W (P,Q)) = conv({ρ
′(A) | A ∈ A(∆W (P,Q))}).
Now, we recall properties of integral convex polytopes. Let Zd×d denote the set
of d× d integral matrices. A matrix A ∈ Zd×d is unimodular if det(A) = ±1. Given
integral convex polytopes P and Q in Rd of dimension d, we say that P and Q are
unimodularly equivalent if there exists a unimodular matrix U ∈ Zd×d and an integral
vector w, such that Q = fU(P) + w, where fU is the linear transformation in R
d
defined by U , i.e., fU(v) = vU for all v ∈ R
d. Clearly, if P and Q are unimodularly
equivalent, then vol(P) = vol(Q), where vol(·) denotes the usual volume.
First, we will show the following lemma.
Lemma 1.1. Work with the same situation as above. Then C′(∆W (P,Q)) and C(R)
are unimodularly equivalent. Moreover we have
vol(C′(∆W (P,Q))) = e(∆W (P,Q))/d!.
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Proof. Let U = (uij)1≤i,j≤d ∈ Z
d×d be a unimodular matrix such that
uij =


1, if i = j and i ∈ W,
−1, if i = j and i ∈ W,
0, if i 6= j.
Then C′(∆W (P,Q)) = fU(C(R)), where (R,≤R) is the partially ordered set defined
by the above. This says that C′(∆W (P,Q)) and C(R) are unimodularly equivalent.
Hence since the volume of C(R) is equal to e(R)/d!, We have
vol(C′(∆W (P,Q))) = vol(C(R)) = e(R)/d! = e(∆W (P,Q))/d!,
as desired. 
Let P ⊂ Rd be a integral convex polytope. Then we write V (P) for the vertex
set of P, and for W ⊂ [d], we set
PW = {(x1, . . . , xd) ∈ P | if i ∈ W,xi ≥ 0 and if j ∈ W,xj ≤ 0},
VW (P) = {(x1, . . . , xd) ∈ V (P) | if i ∈ W, xi ≥ 0 and if j ∈ W, xj ≤ 0}.
The following is the key proposition in this paper.
Proposition 1.2. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}. Then we have
Γ(C(P ), C(Q)) =
⋃
W⊂[d]
C′(∆W (P,Q)).
In particular, for any subset W ⊂ [d], we have
Γ(C(P ), C(Q))W = C
′(∆W (P,Q)).
Proof. For any W ⊂ [d], we have
VW (Γ(C(P ), C(Q))) = V (C
′(∆W (P,Q))) \ {(0, . . . , 0)}
since A(∆W (P,Q)) = A(PW ) ∪ A(QW ). Hence it follows that
Γ(C(P ), C(Q))W ⊃ conv(VW (Γ(C(P ), C(Q))) ∪ {(0, . . . , 0)}) = C
′(∆W (P,Q)).
Moreover, we obtain
Γ(C(P ), C(Q)) ⊃
⋃
W⊂[d]
C′(∆W (P,Q)).
We will show that for any x,y ∈ V (Γ(C(P ), C(Q))) and a, b ∈ R with a + b =
1, a ≥ 0 and b ≥ 0, there exists W ⊂ [d] such that ax + by ∈ C′(∆W (P,Q)). This
shows that
⋃
W⊂[d] C
′(∆W (P,Q)) contains any edge of Γ(C(P ), C(Q)), hence, we have
Γ(C(P ), C(Q)) ⊂
⋃
W⊂[d]
C′(∆W (P,Q)).
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When x,y ∈ C(P ) or x,y ∈ (−C(Q)), it clearly follows. Let
A1 = {pi1 , . . . , piℓ , piℓ+1, . . . , pim}
and
A2 = {qi1 , . . . , qiℓ , qim+1 , . . . , qin}
be antichains of A(P ) and A(Q), and we set x = ρ(A1) and y = −ρ(A2). We
should show the case a ≥ b. Let W = {i1, . . . , im} ⊂ [d] and c = a − b. Then
A′1 = {pi1, . . . , pim}, A
′
2 = {piℓ+1, . . . , pim} and A
′
3 = {qim+1 , . . . , qin} are antichains
of ∆W (P,Q). We set x
′ = ρ′(A′1),y
′ = ρ′(A′2) and z
′ = ρ′(A′3). Then we have
ax + by = cx′ + by′ + bz′ and c+ 2b = 1. Hence ax+ by ∈ C′(∆W (P,Q)).
Therefore, we have
Γ(C(P ), C(Q)) =
⋃
W⊂[d]
C′(∆W (P,Q)),
In particular,
Γ(C(P ), C(Q))W = C
′(∆W (P,Q)).
as desired. 
In this section, we give the formula of the volume of Γ(C(P ), C(Q)) in terms of
partially ordered sets (P,≤P ) and (Q,≤Q). In particular, the following theorem is
immediate given Lemma 1.1 and Proposition 1.2.
Theorem 1.3. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}. Then we have
vol(Γ(C(P ), C(Q))) =
∑
W⊂[d]
e(∆W (P,Q))
d!
.
Remark 1.4. In [7], it is shown that Γ(C(P ), C(Q)) has a regular unimodular trian-
gulation. Therefore, d! · vol(Γ(C(P ), C(Q))) equals the number of maximal simplices
in the triangulation. We note that each linear extension of e(∆W (P,Q)) corresponds
to a maximal simplex in the triangulation. In particular, we can prove Theorem 1.3
without Lemma 1.1 and Proposition 1.2.
We recall that the volume of Γ(C(P ), C(Q)) equals that of Γ(O(P ), C(Q)), and
if P and Q have a common linear extension, then the volume of Γ(C(P ), C(Q))
equals that of Γ(O(P ),O(Q)) ([7]). Hence by Theorem 1.3, we obtain the following
corollary.
Corollary 1.5. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}. Then we have
vol(Γ(O(P ), C(Q))) =
∑
W⊂[d]
e(∆W (P,Q))
d!
.
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Moreover, if P and Q have a common linear extension, then we have
vol(Γ(O(P ),O(Q))) =
∑
W⊂[d]
e(∆W (P,Q))
d!
.
Remark 1.6. By the proof of Proposition 1.2, for any W ⊂ [d], Γ(C(P ), C(Q))W
is an integral convex polytope. However, Γ(O(P ),O(Q))W and Γ(O(P ), C(Q))W are
not always integral. In fact, let P = {p1, p2} be a 2-element chain with p1 ≤P p2
and Q = {q1, q2} a 2-element chain with q1 ≤Q q2. Then for W = {1}, we know
that Γ(O(P ),O(Q))W and Γ(O(P ), C(Q))W are not integral convex polytopes. This
means that we can not prove Corollary 1.5 by means of a proof similar to that of
Theorem 1.3.
We end this section with a few examples.
Example 1.7. Let (P,≤P ) and (Q,≤Q) be partially ordered sets with the Haase
diagrams shown in Figure 1.
P :
t
tt
p1
p3p2 ❆
❆
❆
❆
✁
✁
✁
✁
Q:
t
tt
q1
q3q2 ❆
❆
❆
❆
✁
✁
✁
✁
Figure 1
Then Γ(C(P ), C(Q)) is centrally symmetric, i.e., for each facet F of Γ(C(P ), C(Q)),
−F is a facet of Γ(C(P ), C(Q)). For each subset W of {1, 2, 3}, the Haase diagram
of ∆W (P,Q) is presented in Figure 2.
∆{1,2,3}(P,Q):
t
tt
p1
p3p2 ❆
❆
❆
❆
✁
✁
✁
✁
∆{1,2}(P,Q):
t
t
t
q3
p1
p2
∆{1,3}(P,Q):
t
t
t
q2
p1
p3
∆{2,3}(P,Q):
t
tt
q1
p3p2 ❆
❆
❆
❆
✁
✁
✁
✁
∆{1}(P,Q):
t
tt
p1
q3q2
❆
❆
❆
❆
✁
✁
✁
✁
∆{2}(P,Q):
t
t
t
q1
q3
p2
∆{3}(P,Q):
t
t
t
q1
q2
p3
∆∅(P,Q):
t
tt
q1
q3q2 ❆
❆
❆
❆
✁
✁
✁
✁
Figure 2
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Hence we have
vol(Γ(C(P ), C(Q))) = 4×
1
6
+ 4×
2
6
= 2.
Example 1.8. Let P = {p1, . . . , pd} be a d-element antichain and Q = {q1, . . . , qd}
a d-element chain with q1 ≤Q · · · ≤Q qd. For W ⊂ [d], we will compute the volume
of C′(∆W (P,Q)). We set W = {1, . . . , k}. Then PW is a k-element antichain and
QW is a (d− k)-element chain. Hence we have
C′(∆W (P,Q)) = conv({[0, 1]
k × {0}d−k,−ek+1, . . . ,−ed})
and vol(C′(∆W (P,Q))) = k!/d!. Therefore, we obtain
vol(Γ(C(P ), C(Q))) =
d∑
k=0
(
d
k
)
k!
d!
=
d∑
k=0
1
k!
.
Moreover, by Corollary 1.5, we have
vol(Γ(O(P ),O(Q))) = vol(Γ(O(P ), C(Q))) =
d∑
k=0
1
k!
.
For a positive integer d, we write a(d) for the total number of arrangements of a
d-element set. Then we have
vol(Γ(C(P ), C(Q))) =
a(d)
d!
.
2. facets and dual polytopes of twinned chain polytopes
In this section, we will compute the facet-supporting hyperplanes and dual poly-
topes of twinned chain polytopes. We begin by recalling these features for the chain
polytopes which were originally studied in [11]. Let (P,≤P ) be a partially ordered set
on P = {p1, . . . , pd}. Then there are two types of the facet-supporting hyperplanes
for the chain polytope C(P ):
• for each element pi of P , xi = 0,
• for each maximal chain C of P ,
∑
pi∈C
xi = 1.
We write M(P ) for the set of maximal chains of P . Then the number of facets of
C(P ) equals |M(P )|+ d.
The next lemma follows immediately from Lemma 1.1.
Lemma 2.1. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}, and let W ⊂ [d]. Then there are three types of the facet-
supporting hyperplanes for C′(∆W (P,Q))):
• for each element pi of ∆W (P,Q), xi = 0,
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• for each element qj of ∆W (P,Q), −xj = 0,
• for each maximal chain C of ∆W (P,Q),
∑
pi∈C
xi −
∑
qj∈C
xj = 1.
In this section, we characterize the facet-supporting hyperplanes of Γ(C(P ), C(Q))
in terms of partially ordered sets (P,≤P ) and (Q,≤Q). Namely, we prove the fol-
lowing theorem.
Theorem 2.2. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}. The facet-supporting hyperplanes for Γ(C(P ), C(Q)) are given
as ∑
pi∈C
xi −
∑
qj∈C
xj = 1
for each W ⊂ [d] and for each maximal chain C of ∆W (P,Q). Moreover, the number
of facets of Γ(C(P ), C(Q)) equals |
⋃
W⊂[d]M(∆W (P,Q))|.
Proof. We let W be a subset of [d] and let C be a maximal chain of ∆W (P,Q). Then
by Lemma 2.1, FC = HC ∩ C
′(∆W (P,Q)) is a facet of C
′(∆W (P,Q)) , where HC is
the hyperplane
{(x1, . . . , xd) ∈ R
d |
∑
pi∈C
xi −
∑
qj∈C
xj = 1}
in Rd. We let y = (y1, . . . , yd) be an interior point of FC . Then by Lemma 2.1,
we know yi > 0 if i ∈ W and yj < 0 if j ∈ W . Hence for any W
′ ⊂ [d] with
W 6= W ′, we have y /∈ C′(∆W ′(P,Q)). Therefore, it follows that y does not belong
to the interior of Γ(C(P ), C(Q)). By Proposition 1.2, HC ∩ Γ(C(P ), C(Q)) is a facet
of Γ(C(P ), C(Q)).
Since Γ(C(P ), C(Q)) is Gorenstein Fano, the supporting hyperplane of each facet
of Γ(C(P ), C(Q)) is of the form a1x1 + · · ·+ adxd = 1 with each ai ∈ Z. Hence the
facet-supporting hyperplanes for Γ(C(P ), C(Q)) are given as∑
pi∈C
xi −
∑
qj∈C
xj = 1
for each W ⊂ [d] and for each maximal chain C of ∆W (P,Q), as desired. 
Remark 2.3. For some partially ordered sets (P,≤P ) and (Q,≤Q) with |P | = |Q| =
d, we have ∑
W⊂[d]
|M(∆W (P,Q))| 6= |
⋃
W⊂[d]
M(∆W (P,Q))|.
For instance, let P = {p1, p2, p3} and Q = {q1, q2, q3} be 3-element antichains. For
W1 = {1}, C1 = {p1, q3} is a maximal chain of ∆W1(P,Q). Then for W2 = {1, 2},
C1 is also a maximal chain of ∆W2(P,Q). Hence we have∑
W⊂[d]
|M(∆W (P,Q))| > |
⋃
W⊂[d]
M(∆W (P,Q))|.
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Let P ⊂ Rd be a Gorenstein Fano polytope of dimension d. Then a point a ∈ Rd
is a vertex of P∨ if and only if H ∩ P is a facet of P, where H is the hyperplane
{
x ∈ Rd | 〈a,x〉 = 1
}
in Rd ([4, Corollary 35.6]). Hence by Theorem 2.1, we obtain the following Corollary.
Corollary 2.4. Let (P,≤P ) and (Q,≤Q) be partially ordered sets on P = {p1, . . . , pd}
and Q = {q1, . . . , qd}. Then we have
V (Γ(C(P ), C(Q))∨) =
⋃
W⊂[d]
{ρ′(C) ∈ Rd | C ∈ M(∆W (P,Q))}.
Namely,
Γ(C(P ), C(Q))∨ = conv

 ⋃
W⊂[d]
{ρ′(C) ∈ Rd | C ∈M(∆W (P,Q))}

 .
We end this section with a pair of examples demonstrating Theorem 2.2 and
Corollary 2.4.
Example 2.5. Let (P,≤P ) and (Q,≤Q) be partially ordered sets in Example 1.8.
We fix W = {i1, . . . , ik} ⊂ [d]. Then we have
M(∆W (P,Q)) = {{pis , qik+1, . . . , qid} | 1 ≤ s ≤ k}
and |M(∆W (P,Q))| = k. Hence
|
⋃
W⊂[d]
M(∆W (P,Q))| =
d∑
k=1
(
d
k
)
k + 1
= d · 2d−1 + 1.
Example 2.6. Let (P,≤P ) and (Q,≤Q) be partially ordered sets in Example 1.7.
Then by Corollary 2.4, the vertices of Γ(C(P ), C(Q))∨ are the following:
±(1, 1, 0),±(1, 0, 1),±(1,−1, 0),±(1, 1,−1),±(1,−1, 1),±(1, 0,−1).
Moreover, there do not exist partially ordered sets (P ′,≤P ′) and (Q
′,≤Q′) with
|P ′| = |Q′| = 3 such that Γ(C(P ), C(Q))∨ and Γ(C(P ′), C(Q′)) are unimodularly
equivalent. Indeed, since Γ(C(P ), C(Q))∨ is centrally symmetric and the number of
its vertices equals 12, each of P ′ and Q′ needs to have just 7 antichains. However,
there exists no 3-element partially ordered set which has just 7 antichains.
Acknowledgment. The author would like to thank anonymous referees for reading
the manuscript carefully.
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